We consider the positive partial transposition test (PPT) and the generalized concurrence test for the entanglement of bipartite quantum systems in the simplest case not previously studied in the literature. This is the case of 2 × 4 states of rank 2. We prove that the PPT test gives a necessary and sufficient condition of separability and identify a set of entangled states not detected using generalized concurrences.
Introduction and Preliminaries
Consider a bipartite quantum system consisting of two subsystems A and B, of dimensions n A and n B , respectively. The overall system has dimension n := n A n B . The state of the total system is represented by an Hermitian n×n matrix ρ, called the density matrix, which is positive semi-definite and has trace equal to one. Special types of density matrices are product matrices, i.e., matrices ρ prod of the form ρ prod := ρ A ⊗ ρ B , where ρ A and ρ B are themselves density matrices (i.e., Hermitian, positive semi-definite, with trace 1) of dimensions n A × n A and n B × n B , respectively. A density matrix is called separable if it is the finite convex combination of product states, that is,
A state that is not separable is called entangled. One of the fundamental open questions in quantum information theory is to give criteria to decide whether a density matrix ρ describing the state of a bipartite quantum system represents an entangled or a separable state. Define the partial transposition of a n A n B × n A n B matrix ρ = σ ⊗ S (with σ and S of dimensions n A × n A and n B × n B , respectively) as ρ T A := σ T ⊗ S and extend the definition to any Hermitian matrix by linearity. A very popular test introduced in [8] , [10] , based on the partial transposition of ρ, gives a criterion which is both simple and very powerful. This test we shall call the PPT test, says that if ρ is separable ρ T A ≥ 0. We shall call a state ρ with ρ T A ≥ 0 a P P T -state. Therefore, every separable state is a PPT-state. The converse has been proved in [8] to be true in the 2 × 2 and 2×3 cases, and higher dimensional examples have been constructed of bipartite systems whose entanglement is not detected by this test.
Generalizing the definition of concurrence given by S. Hill and W. Wootters [7] , [13] for the 2 × 2 case, A. Uhlmann introduced generalized concurrences in [12] . Generalized concurrences are functions of the state ρ, C Θ , parametrized by a class of quantum symmetries Θ. 1 Separable states are such that all generalized concurrences are equal to zero and A. Uhlmann proved that the converse is true for the case of rank 1 states (pure states). He stated that it is 'unlikely' that this requirement can be dropped and we will show in this paper that this is indeed the case. It gives however an additional test of entanglement, that is, if we can find a generalized concurrence C Θ such that C Θ (ρ) = 0, then ρ is entangled.
In this paper, we consider the simplest case which is not covered by the above recalled results. That is, the case of 2 × 4 systems with density matrices of rank 2. We shall prove that the PPT test is necessary and sufficient in this case. Moreover, we shall see that, as A. Uhlmann thought, even in this simple situation, the test based on generalized concurrences is not necessary and sufficient and there are entangled states that are undetected.
In the 2 × 4 case both the operation of partial transposition and the calculation of generalized concurrences take special forms. In particular, if F , L and S are 4 × 4 matrices such that
As for generalized concurrences, A. Uhlmann [12] gave a general method to calculate them. Let Θ be a symmetry and define θ(ρ) = ρ . The latter is a positive semidefinite matrix. If λ max is its largest eigenvalue and λ 1 , . . . , λ n−1 are the remaining eigenvalues, then
Exploiting a correspondence between quantum symmetries and Cartan involutions used in the description of symmetric spaces [3] , θ(ρ) can be written in matrix form [2] . In the 2 × 4 case,
where
for a general T ∈ SU (4). T specifies the particular symmetry at hand. Here and in the following J 2m denotes the matrix J 2m = 0 1 −1 0 , where 1 is the m×m identity.
We shall consider only 2 × 4 states ρ of rank 2. Therefore, we can write ρ as
with 0 < λ < 1. We can always assume without loss of generality that one of the two pure states ψ 1 or ψ 2 is entangled, otherwise the state ρ is manifestly separable, being the convex combination of two separable states. We choose ψ 1 as the entangled state. 2 It is convenient to put ρ in a canonical form using a local transformation, i.e., a transformation of the form X 1 ⊗X 2 , where X 1 ∈ SU (2) and X 2 ∈ SU (4). This does not change the property of ρ being separable and it does not affect the PPT test. Therefore it is done without loss of generality for what concerns the latter. The test based on generalized concurrence is not invariant under local transformations. Therefore, for the analysis of generalized concurrences, this amounts to considering a special class of states. We choose the local transformation to put ψ 1 in the Schmidt form (cf. Theorem 2.7 in [9] )
with q 1 and q 6 real and strictly positive, since ψ 1 is entangled. In these coordinates, we write
and we can choose p 4 = 0. We shall also choose p 1 real and nonnegative. ψ 1 and ψ 2 are orthogonal eigenvectors of length 1 of ρ and therefore
which implies that p 6 is also real and nonpositive. A state in the canonical form such that all the concurrences are zero will be called a ZC-state.
In Section 2 we shall summarize the results of our investigation. In particular, in the case 2 × 4 with rank 2, PPT-states are also separable and therefore the PPT test determines exactly the entangled and separable states. As for the concurrences, the set of ZC-states separates in two subsets, one consisting entirely of separable states and the other consisting of entangled states. This shows that this test fails to detect all the entangled states. Sections 3, 4, and 5 are devoted to the proofs of the results presented in Section 2.
Results
Theorem 1 A 2 × 4, rank two, state is separable if and only if it is a PPT-state.
The following corollary is a consequence of the proof of Theorem 1.
Corollary 1 A 2×4, rank two, P P T -state (and therefore separable state), in canonical form, with ψ 1 entangled (q 1 > 0, q 6 > 0) can be written as
where the 4 × 4 matrixρ
is separable as a two qubit state.
The following theorem concerns the test based on generalized concurrences. Recall that ZC-states are already assumed to be in canonical form.
Theorem 2 A state ρ is a ZC-state if and only if it is in one of the following two classes.
• The class (5) described in Corollary 1. These states will be called ZCS-states (S stands for separable).
• States of the form (4) with
These states will be called ZCE-states (E stands for entangled).
Summarizing, for rank two, 2 × 4, the PPT criterion is necessary and sufficient to determine whether a state is entangled or not. The criterion based on generalized concurrences does not detect entanglement in ZCE-states.
Proof of Theorem 1
To simplify notations, it is convenient to use α jk := (1 − λ)p j p k with j ≤ k and β jk := λq j q k . This way, ρ T A writes as 
In our discussion, we shall use the notation P M (j 1 , ..., j l ) to denote the principal minor calculated as the determinant of the sub-matrix obtained by selecting the (j 1 , ..., j l ) rows and columns. For example P M (1, 2) denotes the principal minor of order 2 obtained by calculating the determinant of the matrix at the intersection of rows and columns 1 and 2. We shall use the Sylvester criterion for a positive semi-definite matrix which says that an Hermitian matrix is positive semi-definite if and only if all principal minors are nonnegative (see, e.g., [1] , [5] ).
Assume that ρ is a PPT state. By applying Sylvester criterion with P M (4, 5), P M (4, 6), P M (4, 7) in (8), we obtain that we must have α 18 = α 28 = α 38 = 0. That is,
which is not possible. This establishes that p 8 = 0.
With this assumption, consider P M (3, 5, 7) for (8) . A direct calculation shows
The last expression is positive only if p 3 p 5 = p 1 p 7 . This implies α 33 α 55 = α 11 α 77 .
We now show that (9) cannot be with α 77 = 0, therefore showing that p 7 must be zero. Assume that (9) is true and α 11 = 0. Then at least one between α 55 and α 33 must be zero. However α 55 cannot be zero, because this would give P M (2, 5) = −β 2 16 < 0 and α 33 = 0 would require P M (3, 6) = −α 22 α 77 0, that is α 22 = 0 which would lead again to P M (2, 5) = −β 2 16 < 0. Therefore, we must have α 11 = 0, which also, from orthogonality, implies α 66 = 0 and from (9) α 33 = 0 and α 55 = 0. Moreover α 22 = 0 also is true by considering P M (2, 7) in (8) . Therefore, we are in the situation where all the components of ψ 2 , except p 4 and p 8 , are different from zero. Now, an argument as for P M (3, 5, 7) above, applied this time on P M (2, 3, 6), along with the fact that α 22 = 0, gives
and α 23 α 67 + α 23 α 67 = α 22 α 77 + α 33 α 66 = 2α 33 α 66 .
Combining (9) with (10), we have
We chose the overall phase of ψ (2) such that q 2 1 p 2 1 = q 2 6 p 2 6 is real. Hence, p 1 p 6 = p 1 p 6 , i.e. α 16 = α 16 . By multiplying (11) by α 16 , we obtain α 23 α 17 + α 17 α 23 = 2α 16 α 33 .
Calculation of P M (2, 3, 5) gives, because of (9) By replacing (13) and using (12) , this expression simplifies to
This is not possible. Hence, (9) holds only if p 7 = 0.
Since p 4 = p 7 = p 8 = 0, consideration of P M (2, 7) and P M (1, 7) in (8) shows that it must be p 3 = 0, or p 6 and p 5 both equal to zero. However, the second case would imply P M (2, 5) = −β 2 16 < 0. This establishes p 3 = 0 and concludes the proof of the necessity of p 3 = p 4 = p 7 = p 8 = 0. This shows that if a state is P P T its canonical form has the form (5).
In order for ρ to be a P P T -state the 4 × 4 matrix ρ 11 ρ 12 ρ 12 † ρ 22 must be P P T as a 2 × 2 state, but since the P P T test is necessary and sufficient for separability in the 2 × 2 case, this represents a 2 × 2 separable state. That is, there exist positive constants µ j , j = 1, ..., l, with l j=1 µ j = 1 and 2 × 2 density matrices ρ
In particular,
are density matrices and, using (15), (14) and (5), we obtain
which shows that ρ is separable as well. The fact that ρ in the form (5) is a PPT-state follows from the above characterization of ρ as separable and the fact that every separable state is a PPT-state. 2 
Two Auxiliary Lemmas
The matrix M in (3) determines the particular generalized concurrence considered. ZCstates, by definition, have all the concurrences equal to zero. In principle M depends on the 16 parameters of the unitary matrix T . However, its form can be greatly simplified. Using the Cartan decomposition of type AII [6] , every T ∈ SU (4) can be written as T = P K, where K is symplectic and P = e G with G ∈ sp(2) ⊥ . Matrices in sp(2) ⊥ have the form
with A skew-Hermitian and b a complex scalar. Since every symplectic matrix K is such
Defining H = 2GJ 4 and η = T r(HH † ), the following relations are easily verified:
We can thus express M as follows.
Proof. From (17), it is sufficient to prove that
The matrix functions F 1 and F 2 are such thatḞ
The first equation is straightforward, while the second one follows from the relations in (18). Since F 1 and F 2 satisfy the same differential equations and are equal at t = 0 they are the same for every t. 2
Remark. For η = 0, H and G are equal to zero and M becomes
This expression can be obtained as limit of (19) 
The next result will be used more than once in the analysis that follows. We consider a general symmetric 2 × 2 complex matrix C = α β β γ and a diagonal matrix Λ = λ 0 0 1 − λ , with 0 < λ < 1. We are interested in the eigenvalues of the positive semidefinite matrix B = √ ΛCΛC † √ Λ, λ max and λ min , and, in particular, in whether or not they are equal. The following lemma gives necessary and sufficient conditions for this to happen.
Lemma 2
The two eigenvalues of B defined above, λ max and λ min , are equal if and only if the following two conditions are verified.
Proof. The eigenvalues λ max and λ min are equal if and only if (λ max − λ min ) 2 = (Tr(B)) 2 − 4 det B = 0. Using the explicit expression of B,
we calculate
The first factor in this expression is zero only if α = β = γ = 0. If this is not the case, we must have
Since this equation is trivially verified also in the special case α = β = γ = 0, it is necessary and sufficient to have λ max = λ min . Equation (21) can be written in the simpler form (i) and (ii) proceeding as follows.
By the triangular inequality, we have that
and thus
But the l.h.s. of the last inequality is equal to (λ|α|− (1− λ)|γ|) 2 and thus it is positive. Hence, λ|α| − (1 − λ)|γ| = 0, i.e., (i) is satisfied. If we insert this condition in (21), we get
where λ 2 |α| 2 can be rewritten as λ(1 − λ)|αγ|, because of (i). We then divide both sides of the equation by λ(1 − λ) (since 0 < λ < 1, we have λ(1 − λ) = 0). We obtain |αγ| + |β| 2 = |αγ − β 2 |, which is equivalent to condition (ii).
Conversely, if conditions (i) and (ii) are satisfied, then
Proof of Theorem 2
A state is a ZC-state if and only if the matrix θ(ρ) in (2) has two coinciding eigenvalues, for every M in (19). By writing ρ as UΛU † , with U unitary andΛ equal to zero except for the first two entries on the diagonal which are equal to λ and 1 − λ, it is easily seen that the eigenvalues of θ(ρ) are the same as the eigenvalues of a 2 × 2 matrix of the form B considered in Lemma 2. In this case λ and 1 − λ are the eigenvalues of ρ as in (4) and
Mψ 2 , with ψ 1 and ψ 2 also as in (4) and for every M in (3).
If we calculate the explicit form for α and γ, using the expression for M in (19), (20), (16), (18), we obtain
where we have partitioned ψ 2 as ψ 2 := (w T 1 , w T 2 , w T 3 , w T 4 ) T for 2-dimensional vectors w j , j = 1, . . . , 4. If ρ is a ZC-state equation (i) of Lemma 2 has to hold with α and γ for every skew-Hermitian zero trace matrix A, every real t, and every complex number b. In particular, by setting b = 0 and varying t and A, we obtain that it must be
and the second term in the r.h.s. of (23) 
corresponding to (6) . We have to show that thatρ is separable. For this we use the two qubit concurrence [13] which gives a necessary and sufficient condition of separability.
There is only one concurrence in the two qubit case, which can be defined as in (1), where λ max , λ 1,2,3 are the eigenvalues of the matrix
A two qubit stateρ is separable if and only if the concurrence is zero. Using the fact that the state has rank two and proceeding as for the 2 × 4 case, now with M = J 2 ⊗ J 2 , we have that this is verified if and only if both conditions of Lemma 2 are verified, with α, β, and γ given now by α = 2q 1 q 6 , β = q 1 p 6 + q 6 p 1 , γ = 2(p 1 p 6 − p 2 p 5 ) .
Formula (i) gives the second one of (25) and formula (ii) gives (30). Summarizing, ZC-states must be in one of the classes ZCS and ZCE of the statement of the theorem. Viceversa, if a state is ZCS, it is a separable state (cf. end of the proof of Theorem 1). If a state is ZCE, it is straightforward to verify by plugging (7) in the expressions (22), (23) and (28) that conditions (i) and (ii) of Lemma 2 are verified for every concurrence. This concludes the proof of the theorem. 2 
Conclusion
The PPT test is necessary and sufficient for entanglement of 2 × 4 states of rank 2. Generalized concurrences can be used to detect entanglement in this case, but they do not detect entanglement for a class of states (ZCE states) we have described. It is an open question whether for higher dimensional cases, and-or higher rank, generalized concurrences may detect entanglement of PPT states.
